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Abstract
We compare Euler–Poincaré reduction in principal fibre bundles, as a constrained variational problem on the connections of
this fibre bundle and constraint defined by the vanishing of the curvature of the connection, with the corresponding problem of
Lagrange. Under certain cohomological condition we prove the equality of the sets of critical sections of both problems with the
one obtained by application of the Lagrange multiplier rule. We compute the corresponding Cartan form and characterise critical
sections as the set of holonomic solutions of the Cartan equation and, in particular, under a certain regularity condition for the
problem, we prove the holonomy of any solution of this equation.
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1. Introduction
The problem of Lagrange in the Calculus of Variations on fibred manifolds can be established as follows.
Let Lω be a Lagrangian density on the 1-jet extension J 1Y of a fibre bundle p :Y → X on an n-dimensional
oriented manifold X (L ∈ C∞(J 1Y) and ω a volume element on X) and let S be a submanifold of J 1Y such that
(j1p)(S) = X (the constraint). A section s is said to be admissible if Im(j1s) ⊂ S, and given an admissible section s
an admissible infinitesimal variation of s is a p-vertical vector field along s, Dvs ∈ Γ (X, s∗V Y) whose 1-jet extension
j1Dvs is tangential to the submanifold S along j1s. The Lagrangian density defines on the set ΓS(X,Y ) of admissible
sections the functional L(s) = ∫
j1s Lω and, given s ∈ ΓS(X,Y ), if Ts(ΓS(X,Y )) is the vector space of admissible in-
finitesimal variations of s, the differential of L at s is defined as (δsL)(Dvs ) =
∫
j1s Lj1Dvs
(Lω), for Dvs ∈ Ts(ΓS(X,Y )).
In this situation, an admissible section s ∈ ΓS(X,Y ) is said to be critical for the constrained variational problem de-
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with compact support; the main objective of the problem of Lagrange is to determine these critical sections.
The traditional method to solve this problem has been the so-called Lagrange multiplier rule, which assumes that
the constraint submanifold may be expressed in the form S = {j1x s ∈ J 1Y/Φ(j1x s) = 0}, where q :E → Y is a vector
bundle on Y and Φ :J 1Y → E is a bundle morphism on E satisfying certain regularity conditions.
Assuming this, if one considers the unconstrained variational problem on J 1(Y ×Y E∗) (where E∗ is the dual
bundle of E) of Lagrangian density (L + λ ◦ Φ)ω, where λ ∈ Γ (J 1(Y ×Y E∗),E∗) is the tautological section
λ(j1x (s, λ)) = λ(x) and ◦ denotes the bilinear duality product, it holds that if (s, λ) ∈ Γ (X,Y ×Y E∗) is critical
for the unconstrained variational problem (L+ λ ◦ Φ)ω then s ∈ Γ (X,Y ) is critical for the constrained variational
problem (Lω,S ⊂ J 1Y).
In this way one may define a mapping:
(1.1)Π :Γcrit
(
Y ×Y E∗, (L+ λ ◦ Φ)ω
)→ Γcrit(Y,Lω,S)
from the set of critical sections of the unconstrained variational problem (L+ λ ◦Φ)ω to the set of critical sections of
the constrained variational problem (Lω,S ⊂ J 1Y), that need not be injective nor surjective. A fundamental question
of the problem of Lagrange is to determine sufficient conditions which allow us to ensure the surjectivity of Π .
Moreover, in many situations the concept of criticality of an admissible section s ∈ ΓS(X,Y ) that interests us is
related to certain admissible infinitesimal variations of s belonging to a given subspace As ⊆ Ts(ΓS(X,Y )).
Under these conditions, if Γcrit(Y,Lω,S,As) is the set of critical sections for this new variational problem, the
projection Π has to be completed with an inclusion:
(1.2)Γcrit(Y,Lω,S) ⊆ Γcrit(Y,Lω,S,As)
There appears now as an additional problem of this theory the comparison between these two sets of critical sections.
In this paper we shall deal with this subject in the case of Euler–Poincaré reduction on principal fibre bundles,
which can be characterised as a constrained variational problem on the bundle C(P ) of connections of a G-principal
fibre bundle p :P → X with constraint defined by the vanishing of the curvature of the connection and admissible
infinitesimal variations induced by the natural action on the connections of the gauge algebra gauP = Γ (X, adP) of
the given principal fibre bundle [1,2,4].
With this object, in Section 2 we set the problem of reduction and we fix the terminology and notation. In Sec-
tion 3 we define the reduced constrained variational problem, characterising the critical sections of this problem as
solutions of a certain differential operator that generalises the Euler–Poincaré equations, and we describe then how
to reconstruct the solutions of the original problem from those of the constrained problem. In Section 4 we establish
the corresponding problem of Lagrange for this case, comparing critical sections obtained by application of the La-
grange multiplier rule with the solutions of Euler–Poincaré equations obtained in the previous section: In particular,
under certain cohomological restrictions on the set of admissible sections we ensure, simultaneously, the surjectivity
of the projection (1.1) and the equality of the inclusion (1.2). Finally, in Section 5 we compute the Cartan form for
the unconstrained Lagrangian density appearing in the Lagrange multiplier rule, establishing a corresponding Cartan
equation and regularity notion from which we hope to generalise to this reduced constrained variational problem the
Hamiltonian multi-symplectic formalism from field theory.
2. Lagrangian reduction in principal fibre bundles
The so-called Euler–Poincaré reduction arises in the study of mechanical systems on a Lie group G defined by
Lagrangians L :TG → R that are invariant under the natural action (on the left) of G on its tangent bundle. Due to
its invariance, L induces a function l :TG/G = G → R on the Lie algebra of the group G, the reduced Lagrangian,
in such a way that the equations of motion on G are equivalent to a certain system of first order differential equations
on G. These are known as Euler–Poincaré equations and can be obtained from a constrained variational problem of a
certain kind.
The originating example is provided by the rigid solid (without external forces), where: G = SO(3), G = R3 and
l :Ω ∈ R3 	→ 1
2
〈IΩ,Ω〉
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Taking as admissible infinitesimal variations for a curve Ω(t) of G curves δΩ with the form:
δΩ = dΣ
dt
+ Ω × Σ
where Σ is a curve in R3 and × is the usual vector product, one obtains the classical Euler–Poincaré equations:
− d
dt
(IΩ) + IΩ × Ω = 0
(Lagrange (1788), Poincaré (1901), Hamel (1904, 1949), Arnold (1966, 1988) etc.)
The first attempt to extend these ideas to field theory was done in [1], where the authors considered Lagrangians
L :J 1P → R on the 1-jet extension of a principal fibre bundle p :P → X (X a manifold oriented by a volume
element ω), that are invariant for the natural action of its structure group G. Taking advantage of a well-known result
[5], that states that J 1P/G = C(P ) = bundle of connections of P , the authors generalise in this new situation the
Euler–Poincaré reduction from mechanics, in the following sense:
Given the reduction morphism Ψ :
the G-invariant Lagrangian L :J 1P → R defines a variational problem on P of order 1, whose critical sections, s,
are transformed by Ψ into critical connections σ = Ψ ◦ j1s of a constrained variational problem on C(P ) with
Lagrangian l :C(P ) → R, the projection of L by the reduction morphism, and constraint submanifold defined by
the equation Curvσ = 0 (which is, precisely, the condition that satisfy the reduced sections σ = Ψ ◦ j1s).
Critical sections of this constrained variational problem are solutions of a system of first order partial differential
equations (generalised Euler–Poincaré equations), from which, as in mechanics, all critical sections of the original
problem can be recovered, taking the inverse image by the reduction morphism.
Moreover, this problem may be generalised in an obvious way to higher order, taking as Lagrangian a function
L ∈ C∞(J k+1P), invariant under the natural action of G on J k+1P , where the reduced Lagrangian l ∈ C∞(J kC(P ))
is now the projection of L by the k-jet extension Ψk :J k+1P → J kC(P ) of the reduction morphism Ψ , and the
constraint equation is again Curvσ = 0.
3. The reduced constrained variational problem
In [2] this constrained variational problem has been characterised from three elements:
– the Lagrangian density lω, where:
(3.1)l ∈ C∞(J kC(P ))
– the constraint, defined by the submanifold:
(3.2)S = {j1x σ | Curvx σ = 0}⊆ J 1C(P )
– and admissible infinitesimal variations defined by the natural action g˜auP on the bundle of connections C(P ) of
the gauge algebra of the principal fibre bundle P :
(3.3)gauP = Γ (X, adP = adjoint bundle of P)
588 M. Castrillón et al. / Differential Geometry and its Applications 25 (2007) 585–593with the following setup.
Let ΓS(X,C(P )) be the set of admissible sections of the problem, that is, {σ ∈ Γ (X,C(P ))/ Im j1σ ⊂ S}. Admis-
sible sections are then connections σ with Curvσ = 0.
This condition defines a first order partial differential equation for the connection σ , whose set of solutions
ΓS(X,C(P )) can be seen as some kind of manifold for which the following notion of admissible infinitesimal varia-
tions can be given:
Definition 3.1. Given an admissible section σ ∈ ΓS(X,C(P )), an admissible infinitesimal variation of σ is a vertical
vector field Dσ on C(P ) along σ such that Dσ ∈ (g˜auP)σ .
According to the general formulation of the problem of Lagrange on fibred manifolds (see, e.g. [7]), for any
admissible section σ ∈ ΓS(X,C(P )) we may define the tangent space Tσ (ΓS(X,C(P ))) of the manifold ΓS(X,C(P ))
at σ as the real vector space of vertical vector fields Dσ on C(P ) along σ such that j1Dσ is tangential to the constraint
submanifold S ⊂ J 1C(P ) along j1σ .
It is easy to see that via the identification σ ∗V C(P ) = T ∗X ⊗ adP , (V C(P ) =vector bundle of π -vertical vector
fields on C(P )), one has:
Tσ
(
ΓS
(
X,C(P )))= {ω ∈ Γ (X,T ∗X ⊗ adP)/dσω = 0}
where dσ is the exterior derivative with respect to σ of adP -valued differential forms on X, and that:
(g˜auP )σ =
{
ω ∈ Γ (X,T ∗X ⊗ adP)/ω = dσ f, f ∈ Γ (X, adP)
}
Locally, if (U,xν) is a trivialising local coordinate system in X, for which PU  U × G, and (ej ) are sections
of (adP)U defined by a basis of the Lie algebra G via the corresponding isomorphism (adP)U  U × G, then the
functions (xν,Ajμ) on C(P )U , where:
(3.4)σx
(
∂
∂xμ
)
= ∂
∂xμ
−
∑
j
Ajμ(σx)ej
define a local coordinate system on C(P )U . On the other hand (gauP)U can be identified with the C∞(U)-module of
linear combinations f =∑i f i(x)ei , endowed with the Lie product:
[f, f¯ ] =
∑
i,j,k
f i f¯ j ckjiek, f, f¯ ∈ (gauP)U
where ckij are the structure constants of G.
In this setting, for f = ∑i f i(x)ei ∈ gauP , the corresponding admissible infinitesimal variation ω ∈ (g˜auP )σ
defined by the natural action on C(P ) is:
ω = dσ f =
∑
i,ν
(
∂f i(x)
∂xν
− cijkf j (x)Akν(x)
)
dxν ⊗ ei
where Aiν = Aiν(x) are the equations of the connection σ with respect to the local coordinate system (xν,Aiμ).
As σ is a connection satisfying Curvσ = 0, then d2σ = 0 and we get the inclusion:
(g˜auP )σ ⊆ Tσ
(
ΓS
(
X,C(P )))
At this point, the Lagrangian density lω defines on the set ΓS(X,C(P )) of admissible sections the functional:
F(σ ) =
∫
jkσ
lω, σ ∈ ΓS
(
X,C(P ))
and the differential of F at any section σ ∈ ΓS(X,C(P )):
(δσF)(Dσ ) =
∫
jkσ
LjkDσ (lω), Dσ ∈ (g˜auP )σ
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by the data (3.1), (3.2) and (3.3) when δσF = 0 on the subspace (g˜auP)cσ ⊆ (g˜auP)σ defined by those elements
f ∈ gauP of the gauge algebra that have compact support.
In [2] these critical sections have been characterised in the following way:
Let Elω :σ ∈ Γ (X,C(P )) 	→ Elω(σ ) ∈ Γ (X, (σ ∗V C(P ))∗ = TX ⊗ ad∗ P) and Θlω be, respectively, the Euler–
Lagrange operator and a Cartan form for the Lagrangian density lω on J kC(P ), as an unconstrained variational
problem (see, e.g. [3, §2]).
Theorem 3.1 (Constrained first variation formula). For any admissible section σ ∈ ΓS(X,C(P )) and any vector field
D ∈ (g˜auP), there holds:
(3.5)(jkσ )∗LjkD(lω) = −〈f,divσ Elω(σ )〉ω + d[(j2k+1σ )∗ij2k+1DΘlω + 〈f ⊗ ω,Elω(σ )〉]
where Dσ = dσ f , f ∈ Γ (X, adP) via the identification σ ∗V C(P ) = T ∗X ⊗ adP and 〈 , 〉 stands for the contraction
of all covariant and contravariant components.
In particular:
(3.6)(δσF)(Dσ ) = −
∫
X
〈
f,divσ Elω(σ )
〉
ω, Dσ ∈ (g˜auP)cσ
Proof. Using the first variation formula from unconstrained variational calculus [3, §2], we get:
(
jkσ
)∗
LjkD(lω) =
〈
dσ f,Elω(σ )
〉
ω + (j2k+1σ )∗ d[ij2k+1DΘlω]
and introducing now the identity
〈
dσ f,Elω(σ )
〉
ω + 〈f,divσ Elω(σ )〉ω = d〈f ⊗ ω,Elω(σ )〉
we obtain (3.5). Integrating now for f ∈ gauP with compact support, we get (3.6). 
The arbitrariness of f ∈ Γ c(X, adP) in (3.6) yields the following characterisation of critical sections:
Theorem 3.2. A section σ ∈ ΓS(X,C(P )) is critical for the constrained variational problem under consideration if
and only if :
divσ Elω(σ ) = 0
The relation between the set of solutions of these equations and those of the original problem can be summarised
as follows:
Theorem 3.3. (See [2].) If a section s ∈ Γ (X,P ) is critical with respect to the unconstrained G-invariant variational
problemLω on J k+1P , then the projected section σ = Ψ ◦j1s ∈ Γ (X,C(P )) is critical with respect to the constrained
variational problem (lω,S, g˜auP) on J kC(P ). Conversely, if σ ∈ Γ (X,C(P )) is in the image of Ψ (i.e., σ = Ψ ◦ j1s
for some s ∈ Γ (X,P )) and is critical with respect to this constrained variational problem, then any s ∈ Γ (X,P ) such
that σ = Ψ ◦ j1s is critical with respect to the original variational problem Lω on J k+1P .
As an illustration, let us see which is the reduction in the example of mechanics considered at the beginning of this
talk.
In this case X = R, P = G × R and J 1P = TG × R, so that adP and C(P ) can be identified with G × R, and
therefore Γ (R, adP) and Γ (R,C(P )) can be identified with the space C∞(R,G) of C∞ curves on the Lie algebra G.
Our constrained variational problem is defined by the reduced Lagrangian l ∈ C∞(C(P )), there doesn’t exist con-
straint submanifold and, identifying VP with the induced vector bundle (G × R)P , there follows that the admissible
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dΣ + [Ω,Σ]dt, Σ ∈ C∞(R,G)
where [ , ] is the Lie bracket of G.
We recover in this way the expression that defines the infinitesimal admissible variations for the dynamics of the
rigid solid. In particular, for l(Ω) = 1/2〈IΩ,Ω〉 one obtains Eldt = IΩ , so that we get the classical Euler–Poincaré
equations:
divΩ
(El dt (Ω))= − d
dt
(IΩ) + IΩ × Ω = 0
We may note that this reduction corresponds to a Lagrangian L= Ψ ∗l ∈ C∞(T X) which is now G-invariant for the
action on the right.
4. The problem of Lagrange
Substituting the subspace (g˜auP )σ ⊂ Tσ (ΓS(X,C(P ))) by the whole tangent space Tσ (ΓS(X,C(P ))) of
ΓS(X,C(P )) at σ , we get the problem of Lagrange (lω,S) on J kC(P ), which we shall compare with the Euler–
Poincaré constrained variational problem that we considered in the previous section.
First, the constraint submanifold S ⊆ J 1C(P ) coincides with the set S = Φ−1(0) of zeros of the section Φ ∈
Γ (J 1C(P ), (Λ2T ∗X ⊗ adP)J 1C(P )), given by:
Φ
(
j1x σ
)= Curvx σ ∈ Λ2T ∗x X ⊗ adx P
In these conditions, in order to apply the Lagrange multiplier rule, it seems appropriate to take as Lagrange multi-
pliers for this problem the sections λ ∈ Γ (X, (Λ2T ∗X ⊗ adP)∗), and consider the unconstrained variational problem
on C(P ) ×X (Λ2TX ⊗ ad∗ P) with Lagrangian:
l˜
(
jkx σ, j
k
x λ
)= l(jkx σ )+ 〈λ(x),Curvx σ 〉
In local coordinates (xν,Ajμ,λμνi ) on the fibre bundle C(P )×X (Λ2TX ⊗ ad∗ P) (see (3.4)), the curvature and the
Lagrangian can be expressed as:
Curvσ =
∑
μ<ν
Riμν(σ )dxμ ∧ dxν ⊗ ei
(4.1)l˜ = l +
∑
μ<ν
λ
μν
i R
i
μν
where Riμν = Aiμ,ν − Aiν,μ − cijkAjμAkν .
Now if we compute the Euler–Lagrange operator of l˜ as an unconstrained variational problem, taking into account
the local expression (4.1) and the natural identification:
(σ,λ)∗V
(C(P ) ×X (Λ2TX ⊗ ad∗ P))∗ = (T X ⊗ ad∗ P) ⊕ (Λ2T ∗X ⊗ adP)
a short computation leads to:
E
l˜ω
(σ,λ) = (Elω(σ ) − divσ λ,Curvσ )
In these conditions we get the following:
Theorem 4.1. A section (σ,λ) ∈ Γ (X,C(P ) ×X (Λ2TX ⊗ ad∗ P)) is critical for the variational problem l˜ω if and
only if :
(4.2)Curvσ = 0, Elω(σ ) = divσ λ
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that the connection σ of a critical section (σ,λ) of the unconstrained variational problem l˜ω is a critical section of the
constrained variational problem (lω,S, g˜auP).
Therefore, the projection (σ,λ) ∈ Γ (X,C(P ) ×X (Λ2TX ⊗ ad∗ P)) 	→ σ ∈ Γ (X,C(P )) induces a mapping:
(4.3)Γcrit
(
C(P ) × (Λ2TX ⊗ ad∗ P), l˜) Π→ Γcrit(C(P ), l, S)⊆ Γcrit(C(P ), l, S, g˜auP )
from the set of critical sections of the unconstrained problem l˜ω to the set of critical sections of the problem of
Lagrange, which is a subset of the set of critical sections of the Euler–Poincaré constrained variational problem.
In general Π needs not be injective nor surjective: divσ λ = divσ λ′ = Elω(σ ) is possible if divσ (λ′ − λ) = 0,
which does not imply λ′ = λ and on the other hand divσ Elω(σ ) = 0 only implies locally the existence of λ with
Elω(σ ) = divσ λ, but not the existence of a global λ ∈ Γ (X,Λ2TX ⊗ ad∗ P). There is a cohomological obstruction in
both cases.
In particular, if ar and AdP are the sheaves of germs of C∞ real differential forms on X and of sections of the
adjoint bundle adP , respectively, for any connection σ such that Curvσ = 0, the sequence:
0 → Cσ (AdP) i→AdP dσ→ a1 ⊗AdP dσ→ ·· · → ar ⊗AdP → ·· ·
is a fine resolution of the sheave Cσ (AdP) of germs of dσ -closed sections of the adjoint bundle adP . Using then de
Rham’s theorem:
Hr
(
X,Cσ (AdP)
)= ker(dσ :Γ (X,ΛrT ∗X ⊗ adP) → Γ (X,Λr+1T ∗X ⊗ adP))
dσΓ (X,Λr−1T ∗X ⊗ adP)
We obtain thus the following result:
Theorem 4.2. If an admissible section σ ∈ ΓS(X,C(P )) satisfies the condition Hn−1(X,Cσ (AdP)) = 0, then σ
is critical for the Euler–Poincaré constrained variational problem (lω,S, g˜auP ) if and only if it is critical for the
unconstrained variational problem l˜ω.
In other words, if in (4.3) we restrict ourselves to admissible sections σ satisfying the additional condition
Hn−1(X,Cσ (AdP)) = 0, then the mapping Π is surjective and the inclusion is an equality of both subsets of critical
sections.
5. Cartan form. Cartan equation. Regularity
Following this spirit of comparing the previous variational problems, a natural further development is to study the
properties of the Cartan form Θ
l˜ω
associated to the Lagrangian density l˜ω, in order to recover the corresponding object
for the Euler–Poincaré constrained variational problem. Considering, for simplicity, first order problems (k = 1), one
easily gets:
Θ
l˜ω
= Θlω − Curv∧(∗λ)
where Θlω is the Cartan form associated to the Lagrangian lω on C(P ), an ordinary n-form on J 1C(P ), ∗λ is the
ad∗ P -valued horizontal (n− 2)-form on J 1(Λ2TX⊗ ad∗ P) defined on a point j1x λ by contraction of λx and ωx , and
Curv is the curvature 2-form on J 1(C(P )), a horizontal 2-form with values on adP .
The n-form Θ
l˜ω
is projectable to (J 1C(P )) ×X (Λ2TX ⊗ ad∗ P), and its restriction to S ×X (Λ2TX ⊗ ad∗ P)
defines an n form Θˆ satisfying the following:
Theorem 5.1 (Cartan equation). An admissible section (σ,λ) of the bundle C(P ) ×X (Λ2TX ⊗ ad∗ P) is critical
for the variational problem l˜ω if and only if the section sˆ = (j1σ,λ) ∈ Γ (X,S ×X (Λ2TX ⊗ ad∗ P)) satisfies the
equation:
(5.1)sˆ∗(i
Dˆ
dΘˆ) = 0, ∀Dˆ ∈ X(S ×X (Λ2TX ⊗ ad∗ P))
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sˆ is critical if and only if:
sˆ∗(iD dΘl˜ω) = 0, ∀D ∈ X
(
J 1
(C(P ) ×X (Λ2TX ⊗ ad∗ P )))
On the other hand, as j1σ ⊂ S, for any Dˆ ∈ X(S ×X (Λ2TX ⊗ ad∗ P)) we get sˆ∗(iDˆ dΘˆ) = sˆ∗(iDˆ dΘl˜ω). Hence, if sˆ
is critical, (5.1) holds.
We only have to prove that from the weaker condition (5.1) also follows that sˆ is critical. Consider the following
relation (see [3]) between the Cartan form and the Euler–Lagrange operator of l˜ω:
sˆ∗(iD dΘl˜ω) = El˜ω(σ,λ)
(
Dv(σ,λ)
)
where Dv(σ,λ) ∈ Γ (X, (σ,λ)∗V (C(P ) ×X (Λ2TX ⊗ ad∗ P))) is the vertical component along (σ,λ) of the vec-
tor field D on J 1(C(P ) ×X (Λ2TX ⊗ ad∗ P)). When taking vertical components Dv(σ,λ) along (σ,λ) in any
of the spaces X(J 1(C(P ) ×X (Λ2TX ⊗ ad∗ P))) and X(S ×X (Λ2TX ⊗ ad∗ P)), we generate the whole space
Γ (X, (σ,λ)∗V (C(P ) ×X (Λ2TX ⊗ ad∗ P))). Therefore, Eq. (5.1) also implies El˜ω(σ,λ) = 0. 
This result suggests the consideration of S ×X (Λ2TX ⊗ ad∗ P) and Θˆ as the basic structure to develop the
multisymplectic formalism within this framework.
When considering the question of regularity for this problem, first of all, it must be noted that the variational
problem defined by l˜ is not regular in the ordinary sense, as the Hessian of l˜ contains zero rows due to the independence
from first derivatives of λ. However, inspired in previous results [6,7], we may formulate the regularity question
as follows: under which conditions on the Lagrangian can we assure that for any section sˆ = (s¯, λ) ∈ Γ (X,S ×X
(Λ2TX ⊗ ad∗ P)), solution of the Cartan equation (5.1), its projection σ to C(P ) is a critical connection satisfying
j1σ = s¯?. This problem is solved by means of the following regularity condition:
Definition 5.1. The Lagrangian l˜ is called regular if the polarity:
Dˆ ∈ TC(P )
(
S ×X (Λ2TX ⊗ ad∗ P)
) 	→ i
Dˆ
dΘˆ ∈ ΛnT ∗(S ×X (Λ2TX ⊗ ad∗ P))
is injective on the subspace of those tangent vectors Dˆ ∈ T (S ×X (Λ2TX ⊗ ad∗ P)) that are vertical over C(P ).
The local expression for Θ
l˜ω
is:
(5.2)Θl˜ω =
(
∂l˜
∂Aiμ,ν
)
θiμ ∧ i∂/∂xνω + l˜ω
where θiμ = dAiμ − Aiμ,σ dxσ . From here, defining Ai(μν) = 12 (Aiμ,ν + Aiν,μ), and using (xν,Aiν,Ai(μν),Riαβ)μν,α<β
as local coordinates on J 1C(P ) and (xν,Aiν,Ai(μν))μν on S, simple computations from (5.2) lead to:
dΘˆ = 1
2
d
(
∂l
∂Ai(μν)
)
∧ (θiμ ∧ i∂/∂xνω + θiν ∧ i∂/∂xμω)
+ dλμνi ∧
(
θiμ ∧ i∂/∂xνω − θiν ∧ i∂/∂xμω
)
(5.3)+
(
∂l
∂Aiμ
dAiμ −
(
λ
αβ
i +
∂l
∂Riαβ
)
d
(
cijkA
j
αA
k
β
))∧ ω
This expression allows to characterise regularity condition as follows:
Lemma 5.1. The Lagrangian l˜ is regular if and only if, for the system of local coordinates (xν,Aiν,Ai(μν))μν on S
there holds:
det
(
∂2l
∂Ai(μν)∂A
j
(αβ)
)
= 0
M. Castrillón et al. / Differential Geometry and its Applications 25 (2007) 585–593 593Proof. It suffices to consider the local expression (5.3) applied to vector fields ∂/∂Aj(αβ) and ∂/∂λμνi , which are a
local basis for TC(P )(S ×X (Λ2TX ⊗ ad∗ P)). 
This result allows for a local computation of the regularity condition. The following result will now clarify the
meaning of this regularity in terms of holonomy of the solutions of the Cartan equation:
Theorem 5.2. If l˜ is regular and sˆ = (s¯, λ) ∈ Γ (X,S ×X (Λ2TX⊗ ad∗ P)) is a solution of the Cartan equation (5.1),
then the projection σ of s¯ to C(P ) satisfies s¯ = j1σ and (σ,λ) is critical for l˜.
Proof. If the section s¯ ∈ Γ (X,S) ⊂ Γ (X,J 1C(P )) is defined by Aiμ(x), Aiμ,ν(x), introducing arbitrary vector fields
of the form Dˆ = f j
(αβ)
∂/∂A
j
(αβ)
in (5.1), we get from (5.3):
f i(αβ)
(
∂2l
∂A
j
(αβ)∂A
i
(μν)
)(
∂Aiμ(x)
∂xν
− Aiμ,ν(x) +
∂Aiν(x)
∂xμ
− Aiν,μ(x)
)
= 0
and therefore, from Lemma 5.1:
∂Aiμ(x)
∂xν
− Aiμ,ν(x) +
∂Aiν(x)
∂xμ
− Aiν,μ(x) = 0
On the other hand, taking in (5.1) vector fields Dˆ = ∂/∂λμνi , we get:
∂Aiμ(x)
∂xν
− Aiμ,ν(x) −
∂Aiν(x)
∂xμ
+ Aiν,μ(x) = 0
and we may conclude
∂Aiμ(x)
∂xν
− Aiμ,ν(x) = 0
The section s¯ is thus j1σ . Following now Theorem 5.1, (σ,λ) is critical. 
For regular problems, Theorem 5.2 states the equivalence between the Cartan equation (5.1) on Γ (X,S ×X
(Λ2TX ⊗ ad∗ P)) and Euler–Lagrange equations (4.2) on ΓS(X,C(P ) ×X (Λ2TX ⊗ ad∗ P)).
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